Abstract. Let F be a totally real field of degree g, and let p be a prime number. We construct g partial Hasse invariants on the characteristic p fiber of the Pappas-Rapoport splitting model of the Hilbert modular variety for F with level prime to p, extending the usual partial Hasse invariants defined over the Rapoport locus. In particular, when p ramifies in F , we solve the problem of lack of partial Hasse invariants. Using the stratification induced by these generalized partial Hasse invariants on the splitting model, we prove in complete generality the existence of Galois pseudo-representations attached to Hecke eigenclasses of paritious weight occurring in the coherent cohomology of Hilbert modular varieties mod p m , extending a previous result of M. Emerton and the authors which required p to be unramified in F .
Introduction
Let F be a totally real field of degree g > 1 over Q, and let p be a prime number. Fix a large enough finite extension F of F p . The (characteristic p fiber of the) Deligne-Pappas moduli space M DP F parametrizes g-dimensional abelian schemes A/S defined over an F-scheme S and endowed with an action of the ring of integers of F , a polarization, and a suitable prime-to-p level structure (cf. [DP94] ). The scheme M DP F is normal, and its smooth locus M Ra F , called the Rapoport locus, parametrizes those abelian schemes A/S whose sheaf of invariant differentials is locally free of rank one as an (O F ⊗ Z O S )-module (cf. [Ra78] ).
In [Go01] and [AG05] , F. Andreatta and E. Goren construct some modular forms defined over the Rapoport locus, called the partial Hasse invariants, which factor the determinant of the HasseWitt matrix of the universal abelian scheme A Ra F with respect to the action of the totally real field F .
When p is unramified in F there are exactly g partial Hasse invariants, which give rise to a good stratification of the Hilbert moduli scheme M Ra F = M DP F (cf. [GO00] and [AG05] ). On the other hand, when p ramifies in F the Rapoport locus is open and dense in M DP F with complement of codimension two, and the partial Hasse invariants of [AG05] do not extend to the Deligne-Pappas moduli space. In addition, the number of such operators is strictly less than g. For example, when p is totally ramified in F , only one partial Hasse invariant is defined in [AG05] on M Ra F : it is a gth root of the determinant of the Hasse-Witt matrix, up to sign. The lack of partial Hasse invariants when p ramifies in F was in particular an obstruction in extending to the ramified settings the results proved in the unramified case by M. Emerton and the authors in [ERX14] .
To remedy this, we work in this paper with the (characteristic p fiber of the) splitting model of the Hilbert modular scheme constructed by G. Pappas and M. Rapoport in [PR05] , and made explicit by S. Sasaki in [Sa14] . This is a smooth scheme M PR F over F endowed with a birational morphism M PR F → M DP F which is an isomorphism if and only if p is unramified in F , and which induces an isomorphism from a suitable subscheme of M PR F onto M Ra F . There is a natural notion of automorphic line bundles on M PR F , and hence of Hilbert modular forms. We construct g modular forms of non-parallel weight defined over the entire Pappas-Rapoport splitting model, and extending the classical Hasse invariants over the Rapoport locus. Moreover, when p ramifies in F some of the operators we construct do not have a classical counterpart (see below).
We briefly discuss some of the ideas of this construction. Let us assume for simplicity that pO F = p e for some integer e ≥ 1, and that the inertial degree of p in F is equal to f . Let p denote a choice of uniformizer for the completed local ring O Fp , and denote by F the residue field of F at p. Let τ 1 , . . . , τ f : F → F denote the embeddings of F into its algebraic closure, ordered so that σ • τ i = τ i+1 , where i stands for i (mod f ), and σ denotes the arithmetic Frobenius. For an abelian scheme A/S defined over an F-scheme S and endowed with real multiplication by O F , we denote by ω A/S,j the direct summand of the sheaf of invariant differentials of A/S on which W (F) ⊂ O Fp acts through τ j . The sheaf ω A/S,j is a locally free O S -module of rank e.
The Pappas-Rapoport splitting model M PR F parametrizes isomorphism classes of tuples (A, λ, i, F = (F (l) j ) j,l )/S where A is a Hilbert-Blumenthal abelian scheme defined over an F-scheme S, endowed with a polarization λ and a prime-to-p level structure i, and for each j = 1, . . . , f we are given a filtration of ω A/S,j : 0 = F by O F -stable O S -subbundles. We further require that each subquotient of the above filtrations is locally free of rank one, and that it is annihilated by the action of [ p ] (cf. Subsection 2.2). We point out that in general the splitting model depends upon the choice of ordering of the p-adic embeddings of F . This dependence disappears when considering characteristic p fibers, so we ignore the issue in this introduction, but cf. Remark 2.3.
We observe that when A satisfies the Rapoport condition, so that the sheaf of invariant differentials ω A/S is an invertible (O S ⊗ O F )-module, there is exactly one possible filtration on each of the sheaves ω A/S,j , namely the one obtained by considering increasing powers of the uniformizer. Moreover, when e = 1, we have
of the universal filtration over M PR F define automorphic line bundles over the splitting model (cf. Notation 2.6), so that we have a good notion of Hilbert modular forms as (roughly) elements of
To define suitable generalizations of the partial Hasse invariants, we look at the action of the Verschiebung map on the invariant differentials of the universal abelian scheme over M PR F . We observe that the Verschiebung map preserves the filtrations F (l) j and hence induces homomorphisms:
Unfortunately, one can check that when e > 1 the zero locus of V (l) j on M PR F is not irreducible. For example, when e = 2 and f = 1, the splitting model is obtained by blowing up the Delgine-Pappas moduli space in correspondence of its singularities (which are isolated points). The zero locus of the Verschiebung maps coincide with the union of the zero set of the (unique) classical partial Hasse invariant, together with the exceptional P 1 's attached via the blow-ups.
In order to find a good notion of partial Hasse invariant on the splitting model, one needs to separate these irreducible components. To do so, in Section 3.1 we construct two types of "generalized partial Hasse invariants":
, and when l = 1, Hasse j :
where the first morphism is essentially given by multiplication by [ p ] (cf. Construction 3.3), and the second morphism is given by first "dividing by [ e−1 p ]", and then applying the Verschiebung map (cf. Construction 3.6). As Hilbert modular forms, the partial Hasse invariant m 
which explains the existence of the many irreducible components of the zero locus of V 1 is given by the exceptional P 1 's mentioned earlier). Using crystalline deformation theory, we prove in Theorem 3.11 that the generalized partial Hasse invariants cut out proper smooth divisors with simple normal crossings on M PR F . We point out that our geometric construction of these divisors is new, and we expect them to carry interesting arithmetic information. For instance, it seems plausible to expect that they have a natural global description, and it would be interesting to study their cohomology, as it is done in the series of works by Y. Tian and the second named author [TX13+a, TX13+b, TX13+c] , in which p is assumed to be unramified. We also remark that a related but different-looking stratification is considered by S. Sasaki [Sa14] .
As an application of our constructions, we can extend to the ramified settings the earlier mentioned results of M. Emerton and the authors (cf. [ERX14] ) in which Galois representations were attached to torsion classes in the coherent cohomology of Hilbert modular variety, under the assumption that p was unramified in F . (The interest in associating Galois representations to such torsion classes originated from the groundbreaking work of F. Calegari and D. Geraghty [CG12+a, CG12+b] ; their results were the main motivation behind our construction of the generalized partial Hasse invariants). More precisely, denote by Sh PR,tor a toroidal compactification of the splitting model for the Hilbert modular Shimura variety 1 for F with level Γ 00 (N ) (for some primeto-p ideal N of O F which is sufficiently divisible). Let D denote the boundary divisor of Sh PR,tor and denote by ω κ the automorphic line bundle of paritious weight κ on Sh PR,tor (cf. Section 2.11 for the definitions of these line bundles). Fix an integer m ≥ 1 and set R m := O/( ) m where O is the ring of integer in a sufficiently large finite extension of Q p , and is a uniformizer. Let S denote a finite set of places of F containing all primes dividing pN and all archimedean places. Let for all finite primes q of F outside S, where a q is the eigenvalue for the Hecke operator T q acting on c.
The theorem is proved essentially as in [ERX14] , and using the following additional facts: (1) that there are "enough" partial Hasse invariants on the splitting model of the Hilbert modular Shimura variety, and their weights generate a positive open cone containing an ample automorphic line bundle; (2) that the divisors attached to the generalized partial Hasse invariants are simple and with normal crossings.
The paper is organized as follows: in Section 2 we recall a few facts about Pappas-Rapoport splitting models for Hilbert modular schemes, and we prove the existence of a canonical KodairaSpencer filtration on their cotangent bundles. In Section 3 we define the "generalized partial Hasse invariants", we prove that they cut out proper divisors with simple normal crossings, and we construct suitable canonical invertible sections b τ over such divisors. In Section 4 we apply the results from Section 3 to prove (in the ramified settings) the above theorem on the existence of Galois representations attached to torsion Hilbert modular eigenclasses.
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Pappas-Rapoport splitting models for Hilbert modular schemes
We begin by recalling the construction, due to G. Pappas and M. Rapoport, of the splitting models for Hilbert modular schemes, following Pappas-Rapoport [PR05] and Sasaki [Sa14] . We assume that the reader is familiar with the construction of integral models over Z p of Hilbert modular varieties attached to a totally real field F in which the prime p is unramified (see for example [ERX14] ). We will try to make our presentation self-contained. After giving the basic definitions, we will focus on the new phenomena that occur when p ramifies in F .
2.1. Setup. Let Q denote the algebraic closure of Q inside C. We fix a rational prime p and a field isomorphism Q p C. Base changes of algebras and schemes will often be denoted by a subscript, if no confusion arises.
Let F be a totally real field of degree g > 1, with ring of integers O F and group of totally positive units O
. . , c h + } be a fixed set of representatives for the elements of the narrow class group of F , chosen to be coprime to p.
We fix a large enough coefficient field E which is a finite Galois extension of Q p inside Q p . We require that E contains the images of all p-adic embeddings of F ( Let Σ denote the set of embeddings of F into Q, which is further identified with the set of embeddings of F into C or Q p or E. Let Σ p i denote the subset of Σ consisting of all the p-adic embeddings of F inducing the p-adic place p i . For each i and each j = 1, . . . , f i , there are exactly e i elements in Σ p i that induce the embedding τ p i ,j : W (F p i ) → O; we label these elements as
There is no canonical choice of such labelling, but we fix one for the rest of this paper.
We choose a uniformizer i for the ring of integers O Fp i of F p i . Let E p i (x) denote the minimal polynomial of i over the ring W (F p i ): it is an Eisenstein polynomial. Using the embedding τ p i ,j , we can view this polynomial as an element
. We have:
2.2. Pappas-Rapoport splitting models. Let S be a locally Noetherian O-scheme. A HilbertBlumenthal abelian S-scheme (HBAS) with real multiplication by O F is the datum of an abelian S-scheme A of relative dimension g, together with a ring embedding O F → End S A. We have natural direct sum decompositions
Let c ∈ C be a fractional ideal of F (coprime to p), with cone of positive elements c + . We say a HBAS A over S is c-polarized if there is an S-isomorphism λ : A ∨ → A ⊗ O F c of HBAS's under which the symmetric elements (resp. the polarizations) of Hom O F (A, A ∨ ) correspond to the elements of c (resp. c
We remark that for a c-polarized HBAS (A, λ)/S, each ω A/S,p i ,j is a locally free sheaf over S of rank e i . This fact is proved, for example, in [Vo05, Proposition 2.11]. Or we can see this directly by looking at a closed point on each connected component of S and hence reduce to the case when S = Spec k, with k an algebraically closed field. The polarization λ induces a non-degenerate symplectic pairing on each H 1 dR (A/S) p i ,j , and ω A/S,p i ,j is an isotropic subspace for such pairing. The dimension of ω A/S is half of the dimension of H 1 dR (A/S). So the dimension of each ω A/S,p i ,j is forced to be e i .
Let N be a non-zero proper ideal of O F coprime to p. A Γ 00 (N )-level structure on a HBAS A over S is an O F -linear closed embedding of S-schemes i :
is the Cartier dual of the constant S-group scheme O F /N .
Fix a non-zero proper ideal N of O F coprime to p, and assume that N does not divide neither 2O F nor 3O F . Denote by M PR c = M PR c,N the functor that assigns to a locally Noetherian O-scheme S the set of isomorphism classes of tuples (A, λ, i, F ), where:
..,r;j=1,...,f i ;l=0,...,e i of locally free sheaves over S such that
is a locally free O S -module of rank one (and hence 
This action is trivial on the subgroup (O Lemma 2.5. Let (A, λ) be a c-polarized HBAS defined over a locally Noetherian scheme S. There is a canonical isomorphism:
induced by the polarization λ.
The polarization induces an isomorphism:
The lemma follows by composing this with the identifications:
Notation 2.6. For ? ∈ {DP, PR, Ra} we denote by A ? c the universal abelian scheme over M ? c . We set
c , and
Notice that the universal abelian scheme A ? may not descent to Sh ? , so that Sh ? is a coarse moduli space for HBAS endowed with a polarization class and a Γ 00 (N )-level structure.
Denote by ω A ? /M ? the pull-back via the zero section of the sheaf of relative differentials of A ? over
it is an automorphic line bundle on the splitting model M PR . While each individualω τ does not descend to M DP in general, their tensor product ⊗ τ ∈Σωτ does. We provideω τ with an action of O 
1). It is clear that this action factors through
By Proposition 2.4(2)(3), the sheaf ω A Ra /M Ra is locally free of rank one over O F ⊗ Z O M Ra , and we have for any τ ∈ Σ:
The expression on the right hand side may not give a line bundle outside M Ra .
Similarly, for each p-adic embedding τ of F , we definė
Whileε τ is a trivial line bundle, it carries a non-trivial action of O
Recall that we denote base change of schemes by a subscript. 4 The additional dot in the notationωτ is placed in order to distinguish this sheaf from its descent ωτ to Sh PR , which will be introduced later.
Lemma 2.7. The line bundlė
defined over the special fiber M PR F of M PR is relatively ample with respect to π : M PR F → M DP F . Proof. We thank Xinwen Zhu for his help on this proof. It suffices to check the ampleness at each point z of M DP F (say with residue field k). We denote by A z the universal abelian variety at the point z. The fiber π −1 (z) is the space parametrizing all possible filtrations F (l) p i ,j on ω Az/k,p i ,j ; so it is a closed subscheme of the space parametrizing submodules F (l)
of rank l. In particular π −1 (z) is a closed subscheme of the product of affine Grassmannians for GL 2 given by X :
is an ample sheaf on the Grassmannian Gr ≤l appearing as a factor of X for p i and j, and so is its square. Taking the product of these squares gives the ample line bundleω ex F over the ambient space X. It follows thatω ex F is relative ample with respect to π : M PR F → M DP F . 2.8. Kodaira-Spencer filtration. Following the arguments of [Sa14, Proposition 14] one sees that the scheme M PR is smooth over O (cf. also [PR05] ). For later use, we also need to construct a canonical Kodaira-Spencer-type filtration on the sheaf of relative differentials of the splitting model:
Theorem 2.9. The scheme M PR is smooth over O. Moreover, the sheaf of relative differentials
admits a canonical filtration whose successive subquotients are given bẏ
Proof. The first statement is proved in [Sa14] , following [PR05] . We give here a combined proof of both statements in the theorem. Let S 0 → S be a closed immersion of locally Noetherian O-schemes whose ideal of definition I satisfies I 2 = 0. Consider an S 0 -valued point x 0 = (A 0 , λ 0 , i 0 , F ) of M PR . To prove the smoothness of M PR , it suffices to show that there exists x ∈ M PR (S) lifting x 0 .
We first introduce some notation. Let H 1 cris (A 0 /S 0 ) denote the crystalline cohomology sheaf of A 0 over S 0 . The action of O F on A 0 induces a natural direct sum decomposition:
is a locally free module of rank two over
Since S is a PD-thickening of S 0 , we can evaluate the crystalline cohomology over S to obtain H 1 cris (A 0 /S 0 ) S and its direct summands H 1 cris (A 0 /S 0 ) S,p i ,j .
5 The relative differential sheaf is not in general the direct sum of these sheaves, at least not as an
Similarly, the natural exact sequence
Here the validity of condition (2.9.2) can be verified as follows. When 2 is invertible in S, this is clear by (2.9.1) and the symplectic nature of the pairing. In general, we note that it suffices to prove (2.9.2) for x ∈ H 1 cris (A 0 /S 0 ) p i ,j . We may assume that S 0 = Spec R 0 is affine. We can write R 0 as a quotient of Z p -flat Noetherian algebra R. Let R PD denote the PD-envelop of the quotient map R → R 0 , so that we may evaluate the crystalline cohomology on the PD-thickening R PD → R. Now R is Z p -flat and (2.9.2) holds over R; so it holds over S 0 and hence over S.
The submodule 
which is a locally free O S -subbundle of rank e i . Once such lift is determined, the level structure i 0 lifts uniquely; the polarization λ 0 lifts ifω p i ,j is isotropic for the pairing ·, · .
7
To lift the S 0 -point x 0 = (A 0 , λ 0 , i 0 , F ) to an S-point, one needs to lift, for each τ p i ,j , the entire filtration
• each subquotientF
is a locally free sheaf of rank one over S,
p i ,j ) ⊥ with respect to the pairing ·, · , and
6 Rigorously speaking, the crystalline deformation theorems in [Gr74, MM90] are stated for the crystalline homology (as opposed to cohomology); but the prime-to-p polarization allows us to work with the cohomology version equally well.
7 Alternatively, one may quote the main result of [Vo05] to show that the polarization lifts as long as we can lift the filtrations F (l) p i ,j , which might save a few lines. Unfortunately, there is a very minor gap in the proof of [Vo05, Proposition 2.11], as the condition (2.9.2) was neglected. For completeness, we give here a self-contained proof.
The smoothness of the moduli space, as well as the existence of the Kodaira-Spencer filtration, follow from understanding the lifts of each step of the filtration inductively, beginning withF
and climbing up toF
This proves the part of the theorem regarding τ 1 p i ,j . Now suppose that we have lifted
and that we want to lift F (l)
is locally free of rank one over O S ,
We assert that the following two facts hold:
Granting the claim, we see that constructing the desired liftF
The set of such lifts is a torsor under
The theorem follows. The Claim is proved below.
Proof of the Claim. We first observe that the statements in the Claim are stable under base change in S. Moreover they are purely statements about H 1 cris (A 0 /S 0 ) S,p i ,j as a locally free module of rank two over O Fp i ⊗ W (Fp i ),τ p i ,j O S , endowed with a non-degenerate symplectic pairing satisfying (2.9.1) and (2.9.2). In particular, we can prove the Claim for abstract locally free sheaves with the above properties.
To prove (1) it suffices to pass to the completion of the stalks of H (l) p i ,j at each point of S. We can therefore assume that S is the spectrum of a complete Noetherian local ring, hence the spectrum of a quotient of a regular complete Noetherian local ring L. By induction on l we can lift the sheaves involved in the definition of H (l) p i ,j to Spec L (and keeping the condition (2.9.2)). We can then assume that L is reduced, and finally that it is a field 8 . If L is a field of characteristic zero, statement (1) is clear as
and hence
where the action of i is given by multiplication by x. We need to show that for any nonzero isotropic L[x]-submodule W of (2.9.3) of L-dimension < e i , the quotient W ⊥ /W has twodimensional x-torsion. We may pick a basis so that
for integers a, b with 0 < a, b < e i and a + b > e i . Using (2.9.1) and (2.9.2), we see that
(under the same basis). Since the pairing is nondegenerate, dimension considerations force this inclusion to be an equality. So under the condition a + b > e i , we explicitly see that
We now turn to the proof of statement (2) of the Claim, but we first introduce some notation. For an integer l such that 0 ≤ l ≤ e i we set
with the convention that a product over the empty set equals 1. Recall that
) (where the action of i is given by multiplication by x), so that
is an O S [x]/(P ≤l (x))-module locally free of rank two. We denote byH the preimage of H (l)
We claim that ϕ(y ∧ z) = 0 for y ∈H and z ∈F (l−1) p i ,j , and that the image of ϕ equals (2.9.5)
T. Granting this, we deduce that the invertible O S -module
surjects onto, and hence is isomorphic to, the invertible O S -module (2.9.5). Since the latter is canonically isomorphic to ∧ 2
We are left with proving the two statements granted above. In order to do so, as before, we can assume that S is the spectrum of a field L. If L has characteristic zero, the two statements are obvious, so we can assume that L has characterisic p. In this case we have
) for some non-negative integers a, b such that
The map ϕ :
is therefore given by:
. It is now clear that ϕ vanishes on those elements for which both C and D are divisible byx. These are the elements belonging toH ∧ LF (l−1)
. This completes the proof. 
The sheafω
Ra,tor τ agrees with the sheafω τ introduced in Notation 2.6 when they are both restricted to M Ra . Gluingω τ withω Ra,tor τ over M Ra we obtain a line bundleω tor τ over M PR,tor . To lighten the load on notation, we will later simply writeω τ forω tor τ when no confusion arises. The sheafω τ carries an action of O ×,+ F as described in Notation 2.6. Similarly, the trivial line bundleε τ on M PR extends to a line bundlė
on M PR,tor carrying a natural action of O ×,+ F /(O × F,N ) 2 as described in Notation 2.6. The line bundlesω τ andε τ descend to line bundles over Sh PR,tor , which we denote by ω τ and ε τ respectively. We warn the reader that the line bundle ε τ may not be trivial over Sh PR,tor .
Geometric Hilbert modular forms.
A paritious weight κ is a tuple ((k τ ) τ ∈Σ , w) ∈ Z Σ ×Z such that k τ ≡ w (mod 2) for every τ ∈ Σ. We say that κ is regular if moreover k τ > 1 for all τ ∈ Σ.
For κ = ((k τ ) τ ∈Σ , w) a paritious weight, we definė
, and
They are line bundles over M PR,tor and Sh PR,tor , respectively. We remind the reader that these line bundles depend on the fixed choice of an ordering of the τ l p i ,j 's. A (geometric) Hilbert modular form over a Noetherian O-algebra R, of level Γ 00 (N ) and (paritious) weight κ is an element of the finite R-module H 0 (Sh 
. In particular, the space of geometric Hilbert modular forms is independent on the choice of toroidal compactification that we have made. Clearly, H 0 (Sh
, ω κ R ) over all c ∈ C; we call elements in such a direct summand c-polarized Hilbert modular forms.
Following Katz ([Kat78]), we can describe (c-polarized) Hilbert modular forms as follows. Let R be a Noetherian R-algebra and let c ∈ C. A (c-polarized) test object over R is a tuple (A, λ, i, F , η, ξ) consisting of a c-polarized HBAS (A, λ, i, F ) defined over R and endowed with a Γ 00 (N )-level structure i and a filtration F as in Subsection 2.2, together with a choice η = (η τ ) τ ∈Σ (resp. ξ = (ξ τ ) τ ∈Σ ) of generators η τ (resp. ξ τ ) for each free rank one R -moduleω A/R ,τ (resp.ε A/R ,τ ). (Recall thatω A/R ,τ is one of the subquotients of the filtration F ).
A c-polarized Hilbert modular form over R of level Γ 00 (N ) and weight κ can be interpreted as a rule f which assigns to any Noetherian R-algebra R and to any c-polarized test object (A, λ, i, F , η, ξ) over R an element f (A, λ, i, F , η, ξ) ∈ R in such a way that
• this assignment depends only on the isomorphism class of (A, λ, i, F , η, ξ), • is compatible with base change in R ,
Remark 2.12. The above geometric interpretation as "Katz modular forms" can also be given to sections of non-normalized weight sheaves, i.e., sections of ⊗ τ ∈Σ ω ⊗kτ τ,R ⊗ Sh PR,tor R ε ⊗nτ τ,R , where k τ and n τ are any integers (without the additional restriction that k τ + 2n τ is constant with respect to τ ). When R has characteristic zero though, any form of non-normalized weight is necessarily zero, while when R has characteristic p, non-zero forms of non-normalized weights do exist.
2.13. Tame Hecke operators. Fix a paritious weight κ = ((k τ ) τ ∈Σ , w). Denote by M(a) PR the O-scheme representing the functor that takes a locally Noetherian O-scheme S to the set of isomorphism classes of tuples (A, λ, i, F ; C) consisting of an S-point (A, λ, i, F ) of M PR together with an O F -stable closed subgroup S-scheme C of A such that C1: i(µ N ) is disjoint from C, and C2:étale locally on S, the group scheme C is O F -linearly isomorphic to the constant groupscheme O F /a. As in loc.cit., we obtain a morphism of sheaves
(Note that the Kodaira-Spencer isomorphism used in loc.cit is replaced here by Theorem 2.9). Applying π 1 * to the above morphism, taking the trace, and taking H j for j ≥ 0, we obtain the action of the Hecke operator T a on cohomology:
The morphism T a extends to Sh PR,tor , and we will denote its action on H j (Sh PR,tor , ω κ ) again by T a .
If κ is another paritious weight and ζ : ω κ → ω κ is a homomorphism, we say that ζ is equivariant with respect to the action of the Hecke operator T a if the following diagram commutes:
For later use, we now describe the action of the Hecke operator T a on Hilbert modular forms using test objects (cf. [Hid06] , 4.2.9). We fix c ∈ C. Let (A, λ, i, F , η, ξ) be a c-polarized test object as in 2.11, defined over a Noetherian O-algebra R. Fix an O F -stable closed subgroup scheme C of A which is defined over R and satisfies conditions C1 and C2 given above. The corresponding isogeny of abelian schemes π : A → A := A/C isétale. We let (A , π * λ, π * i) be the ca-polarized HBAS obtained by quotienting (A, λ, i) by C. Since π is anétale isogeny there is a canonical isomorphism π * Ω 1
. Let c be the unique fractional ideal in C for which there is an O F -linear isomorphism θ : ca ∼ = c preserving the positive cones on both sides, and let f ∈ H 0 (Sh PR c , ω κ ) be a c -polarized Hilbert modular form. For any O-algebra R and any c-polarized test object (A, λ, i, F , η, ξ) defined over R we have:
where C varies over the closed O F -stable subgroups of A satisfying conditions C1 and C2. This expression does not depend on the choice of the isomorphism θ.
We see from the construction that the sectionḣ τ is invariant under the action of O
).
By abuse of language, we callḣ τ and h τ the generalized partial Hasse invariants at τ . We observe that they depend on the choice of uniformizer i . (Notice that all the tensor products above are either over Sh F or over M F . We will often omit this information from our notation, whenever it should not create confusion).
Remark 3.4. We can view the square h 2 τ as a section of (3.4.1) ω
via the trivialization (3.2.1). This way, h 2 τ is a geometric modular form of paritious weight, with normalization factor w = 0.
When l = 1, the above construction cannot be carried over, and we need a variant of the usual construction of the partial Hasse invariants via the Verschiebung maps.
Notation 3.5. The Verschiebung map V :
where · (p) denotes the pull-back along the Frobenius map on M F . Construction 3.6. For τ = τ 1 p i ,j , we construct a map
as follows: let z be a local section ofω τ 1
dR but it might not belong to ω). We define Hasse p i ,j (z) to be the image of
The ambiguity for the choice of z lies in the
, and hence any other choice for z is of the form z
is annihilated by [ i ], the map Hasse p i ,j does not depend on such choice. The homomorphism Hasse p i ,j induces therefore a sectioṅ
By construction, the sectionḣ τ 1
Hence it gives rise to a section h τ 1
We callḣ τ 1 p i ,j and h τ 1 p i ,j the generalized partial Hasse invariants at τ = τ 1 p i ,j . Once again, these operators depend on the choice of uniformizer i .
Remark 3.7. We can view the square h 2
as a section of (3.7.1) ω
using the trivialization (3.2.1). This way, h 2
is a geometric Hilbert modular form of paritious weight, with normalization factor w = 0.
Remark 3.8. We point out that the function Hasse p i ,j is also defined on
. This fact will be of importance later.
The relation between Hasse p i ,j and the Verschiebung map is described in the following lemma. The lemma also explains the reason for the circumvented definition of the partial Hasse invariant homomorphism Hasse p i ,j , as we wanted to define a "primitive" operator.
Moreover, we have the following commutative diagram:
In other words,
In terms of functions, the section induced by V (l) p i ,j equals:
Proof. For the first statement, it suffices to prove that
and thus it is contained in [
To check the commutativity of the above diagram, let z be a local section of F (l) p i ,j , which can be written as z = [ i ] e i −l y for some local section y of
3.10. The stratification induced by the h τ . We now investigate some properties of the stratification induced on the special fiber of the splitting model by the generalized partial Hasse invariants. For each p-adic embedding τ ∈ Σ, denote by Z τ the zero locus of h τ on Sh F . In general, for a subset T ⊆ Σ, we set Z T := ∩ τ ∈T Z τ , with the convention that if T is the empty set, this intersection is interpreted to be the entire space Sh F . We defineŻ τ andŻ T on M F similarly. We remark that, although the generalized partial Hasse-invariants h τ andḣ τ depend on the choice of uniformizers i , their zero loci Z τ andŻ τ do not. We have the following result:
Theorem 3.11. The closed subschemes Z τ (resp.Ż τ ) are proper and smooth divisors with simple normal crossings on Sh F (resp. M F ). Moreover, the sheaf of relative differentials
) admits a canonical filtration whose subquotients are exactly given by the sheaves ω ⊗2
Proof. We first prove the properness ofŻ τ . The Verschiebung morphism induces a map
and hence defines a sectionḣ tot (the total Hasse invariant) ofω (p-1,p−1) on M F . By Lemma 3.9, h tot is a product of appropriate positive powers of each of the generalized partial Hasse invariantṡ h τ for τ ∈ Σ.
By definition,ḣ tot also coincides with the pull-back to M PR F of the classical total Hasse invarianṫ h By [Go01, Theorem 2.1], the q-expansion ofḣ DP tot is 1 at every cusp, so that the zero locus ofḣ DP tot is disjoint from the cusps. It follows that the same is true forḣ tot , and hence for eachḣ τ . The properness ofŻ τ and of Z τ follows.
To complete the proof of the theorem, we argue via Grothendieck-Messing deformation theory (cf. the proof of Theorem (2.9)). Let S 0 → S be a closed immersion of locally Noetherian Fschemes whose ideal of definition I satisfies I 2 = 0. Let x 0 = (A 0 , λ 0 , i 0 , F ) be an S 0 -point ofŻ T . Lifting this point to an S-point of M F is equivalent to lift, for each τ p i ,j , the filtration 0 = F . The surjectivity is now clear. We deduce then that the kernel of Remark 3.12. The stratification given by theŻ τ 's should correspond to a certain cell-decomposition of the twisted product of projective spaces Gr 1× · · ·×Gr 1 in Remark 2.3(2).
It would be interesting to compare the stratification induced by theŻ τ 's and their intersections with the stratification considered by Sasaki in [Sa14] .
We now construct a suitable "modular form" b τ defined and nowhere vanishing on the zero set Z τ of h τ . The forms b τ 's extend the operators constructed in [ERX14, Section 3.2] under the assumption that p was unramified in F .
For a p-adic embedding τ = τ l p i ,j , denote by I τ the ideal sheaf associated to the closed embedding Z τ → Sh F . By Theorem 3.11, the section h τ vanishes with simple zeros along Z τ , so that it defines an invertible function 
